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In this work we study different variations of the MIT bag model. We start with the so called
non-ideal bag model and discuss it in detail. Then we implement a vector interaction in the MIT bag
model that simulates a meson exchange interaction and fix the quark-meson coupling constants via
symmetry group theory. At the end we propose an original model, inspired by the Boguta-Bodmer
models, which allows us to control the repulsion interaction at high densities. For each version of
the model we obtain a stability window as predicted by the Bodmer-Witten conjecture and discuss
its thermodynamical consistency.
PACS numbers: 21.65.Qr, 12.39.Ki
I. INTRODUCTION
According to the quantum chromodynamics (QCD)
phase diagram, deconfined quark matter existed in the
early universe when the temperature was very high. The
region, where it is foreseen is called quark-gluon plasma
(QGP). At zero or low temperatures, however, decon-
fied quark matter may be present in the core of massive
compact objects like neutron stars.
Bodmer and Witten proposed that the interior of those
stars may consist of strange matter (SM), which in turn
is composed of deconfined up, down and strange quarks,
besides the leptons necessary to ensure charge neutrality
and β-equilibrium [1, 2]. In addition to that, the Bodmer-
Witten conjecture states that the SM may be the true
ground state of all matter, which means that, as soon
as the core of the star converts to the quark phase, the
entire star converts and what is left is called a strange
star [3].
There have been some models used to approach the
SM hypothesis, the first of them being the original MIT
bag model [4]. A modified version of this original model,
called a non-ideal ideal bag model [5, 6] has also been
used to test this hypothesis. Furthermore the quark-
mass density dependent (QMDD) [7] and the Nanbu-
Jona-Lasinio (NJL) [8–12] were used to this same pur-
pose. However, they all present some issues: the NJL
model does not satisfy the Bodmer-Witten conjecture
[13] While the non-ideal ideal bag and the QMDD mod-
els have some thermodynamical inconsistencies. As the
original version of the MIT bag model is concerned, it
was shown it is not able to reproduce massive stars as
the ones recently detected [14].
In order to better describe quark stars, we would like
to have a quark matter model that could reconcile ther-
modynamical consistency with the existence of massive
stars recently detected and this is the main motivation
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for this work. Towards this quest, we first revisit the
original model in section II and the non ideal bag model
in section III and discuss their main caveats. To cir-
cumvent the problems we encountered, an improved ver-
sion of the vector mit bag model introduced in [15–
17] is proposed in section IV with the help of symme-
try group techniques. Finally, inspired by the Boguta-
Bodmer [18, 19] non-linear terms in quantum hadro-
dynamics, a self-interacting vector field is introduced.
These non-linear terms mimic the Dirac sea contribu-
tion, which is absent in mean field approximation [20].
Finally the strength of the interaction is evaluated. Our
task in then successfully accomplished.
II. ORIGINAL MIT BAG MODEL
The MIT bag model considers that each baryon is com-
posed of three non-interacting quarks inside a bag. The
bag, in its turn, corresponds to an infinity potential that
confines the quarks. In this simple model the quarks are
free inside the bag and are forbidden to reach its exte-
rior. All the information about the strong force relies on
the bag, which mimics the vacuum pressure. The MIT
Lagrangian reads [4]:
L =
∑
u,d,s
{ψ¯q[iγµ∂µ −mq]ψq − B}Θ(ψ¯qψq), (1)
where mq is the q quark mass running from u, d and s,
ψq is the Dirac quark field, B is the constant vacuum
pressure and Θ(ψ¯qψq) is the Heaviside step function to
assure that the quarks exist only confined to the bag.
Applying the Euler-Lagrange equations for the quarks,
we have:
[iγµ∂µ −mq]ψq = 0, (2)
which gives us an energy eigenvalue for the quark q:
2Eq =
√
m2q + k
2. (3)
Quarks are fermions with spin 1/2. Hence, the num-
ber density and the energy density of the quark matter
can be obtained via Fermi-Dirac distribution [21]. At
zero temperature approximation the Fermi-Dirac distri-
bution becomes the Heaviside step function, and the en-
ergy eigenvalue matches the chemical potential, Eq = µq.
Therefore the quark number density is:
nq = 2Nc
∫ kf
0
d3k
(2π)3
Θ(µq − Eq),= Nc
k3f
3π2
(4)
while the energy density is:
ǫq =
Nc
π2
∫ kf
0
Eqk
2dk, (5)
where Nc is the number of colors. On other hand the
Bag contribution to the energy density is easily obtained
through the Hamiltonian: H = −〈L〉 = B. Then, the
total energy density is the sum over the three lightest
quarks plus the Bag contribution. The pressure can be
obtained via thermodynamic relations:
ǫ =
∑
q
ǫq +B and p =
∑
q
nqµq − ǫ = −Ω (6)
where n is the number density, µ is the chemical potential
and Ω is the thermodynamic potential. It is also useful
to write down the pressure (as well the thermodynamic
potential) as the derivative of the energy with respect to
the volume.
pq = −Ω = −
(
∂Eq
∂V
)
T
=
Nc
3π2
∫ kf
0
k4dk
Eq
, (7)
and the total pressure is the sum of the pressure of each
quark flavor plus the contribution of the bag from the
Lagrangian: p = 〈L〉. Therefore we obtain:
p =
∑
i
pi −B. (8)
Now, the Bag constant is not totally arbitrary. In fact
B needs to assure that the two-flavored quark matter is
unstable and it is not the ground state of the hadrons,
i.e. the energy per baryon is higher than 930 MeV
at zero pressure, otherwise the protons and neutrons
would decay into u and d quarks. On the other hand,
if the Bodmer-Witten conjecture [1, 2], that states that
the true ground state of the hadronic matter is not the
baryons, but strange matter consisting of µu = µd = µs,
is true, the three-flavored quark matter needs to be stable
(energy per baryon lower than 930 MeV), while the two-
flavored quark matter is unstable. Therefore, the bag
pressure B can only assume a range of values, known as
the stability window [1, 2, 14]. These values depend on
the quark masses. In this work, we assume that the u
and d masses 4 MeV. While in the past the mass of the
s quark was very ambiguous, today it is known to be
around 95 MeV [22]. With these values, we display the
range of B for the stability window in Table I. Slightly
different values are obtained if different quark masses are
chosen, as seen in [14].
MIT Min. B1/4 Max. B1/4
- 148 MeV 159 MeV
TABLE I. Stability window for for MIT bag model.
III. NON IDEAL BAG MODEL
The non ideal bag model, presented in ref. [5, 6] is an
empirical correction at the thermodynamical potential -
Ω - (or direct in the pressure as in ref. [23]) to match QCD
correction of O(αs). In this model, the deviation of the
original MIT bag model comes from an adimensional pa-
rameter a4, where a4 = (1−2αs/π), included in an ad hoc
way to the thermodynamical potential to reproduce some
results coming from lattice QCD. When a4 = 1, we the
original MIT bag model is recovered. For massless quarks
the thermodynamical potential reads [5, 6, 23]:
Ω = −a4 Nf
4π2
u4 +Beff , (9)
where, µ is the chemical potential of massless quarks, Nf
is the number of massless quarks, and Beff is an effective
bag. With this model, the energy and the pressure for
each of the massless quarks are given by [6]:
p = a4
1
4π2
u4 −Beff ,
ǫ = a4
3
4π2
u4 +Beff , (10)
ǫ = 3p+ 4Beff .
Although this model does not modify the equation of
state (p(ǫ)), it was proposed in order that the param-
eter a4 could change the relation between the pressure
and the chemical potential - p(µ). We discuss here some
subtleties of this model.
First, as this model, in principle, is not constructed at
the Lagrangian level, it is hard to understand what kind
of interaction could produce such behavior. The second
is a little more serious. This model can present thermo-
dynamic inconsistency if we do not proceed carefully . If
3one tries to compute the chemical potential by thermo-
dynamical relations, for each flavor, for massless quarks
(µ = kf ) with n given by eq. 4 and Nc = 3, it results in
µ =
∂ǫ
∂n
= a4µ, (11)
hence, this is true only if a4 = 1. A similar result appears
when we try to compute the pressure for the thermody-
namical relation: p = nµ− ǫ:
p =
3µ3
3π2
∗ µ− ( 3a4
4π2
u4 +Beff ) =
µ4(12− 9a4)
12π2
−Beff .
(12)
Therefore, if we put a4 = 1, we recover the result of eq.
(7) for massless quarks. However, if a4 6= 1 we do not
recover (9) because 12 − 9a4 6= a4(12 − 9). The only
way to recover the thermodynamic consistency is assume
from the start that µ = a4µ. However, when doing that,
p(µ) is not affected by the parameter a4 anymore, and
the whole proposal is lost.
The authors of ref. [13] proposed that the number den-
sity nq has also a correction:
nq = a4
(
Nc
k3f
3π2
)
= a4nq. (13)
In this case, we fully recover the thermodynamic con-
sistency of the model. More than that. Assuming only
eq. (13), all eqs. (10) come as consequence for massless
quarks. Therefore, the non ideal bag model is a modi-
fication in the quark number, instead of a correction in
the MIT model itself. On other hand, the price we have
to pay is that this modification violates the Fermi-Dirac
distribution [21]. This model violates the Fermi-Dirac
statistics! And this fact needs to be clear in mind.
To summarize, the non ideal bag model can be faced
as an empirical correction of QCD, but the reader needs
to notice that it has thermodynamic issues. With this in
mind we construct a stability window for the non-ideal
bag model and use massive quarks, with the same masses
as used previously, in the original MIT model. Therefore,
for each flavor, we have the following EoS:
ǫq = a4
Nc
π2
∫ kf
0
Eqk
2dk, (14)
pq = a4
Nc
3π2
∫ kf
0
k4dk
Eq
,
nq = a4Nc
k3f
3π2
(15)
and
ǫ =
∑
ǫq +Beff and p =
∑
pq −Beff . (16)
Now let’s redefine a4 as a4 = 1−c as made in ref. [6]. In
this case, if c = 0 we recover the original MIT bag model.
As we increase c we deviate from the traditional model.
We construct a stability window for values varying from
0 to 0.3, which coincides with the values used in ref. [5,
6]. The stability window is displayed in fig. 1 and the
corresponding values are presented in Tab. II.
 0
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FIG. 1. (Color online) Stability window for the non ideal bag
model. If c = 0 we recover the original MIT bag model.
c Min. B1/4 Max. B1/4
0.0 148 MeV 159 MeV
0.1 144 MeV 155 MeV
0.2 140 MeV 150 MeV
0.3 135 MeV 145 MeV
TABLE II. Stability windows for the non ideal bag model.
As we can see as we increase the value of c, we displace
the stability window within almost the same range. In-
creasing c from 0 to 0.3 displaces the minimum value
of B1/4 from 148 MeV to 135 MeV. On other hand the
range is almost the same, 11 MeV for c = 0 to 10 MeV
for c = 0.3.
It is worth keeping in mind that the regions outside the
stability window on the left and on the right have very
different meaning and consequences. The B1/4 cannot be
lower than the minimum value presented in Tab. II be-
cause this would imply that two-flavor quark matter were
stable and our known universe composed of protons and
neutron would no longer exist. But B1/4 can be higher
than the maximum value. This implies that the strange
quark matter is not the ground state of the matter. In
this case deconfined quark matter can only be present in
the core of massive hybrid stars, instead of forming quark
stars.
With the stability window we can now study what the
maximum mass of a stable strange star is. To accomplish
this, we need to construct a neutral, beta-stable quark
matter. We add leptons as free Fermi gas and impose
chemical equilibrium:
4Llep =
∑
l
ψ¯l[iγ
µ∂µ −ml]ψl, (17)
where the sum runs over the two lightest leptons (e and
µ), and:
µs = µd = µu + µe and µe = µµ,
ns + nµ =
1
3
(2nu − nd − ns). (18)
.
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FIG. 2. (Color online) Strangeness fraction for different values
of c. Increasing c causes an increase of fs.
As the u and d quark masses are the same, to avoid
saturating the figure, (or display several ones) we plot
in Fig. 2 the strangeness fraction instead of the individ-
ual particle population, for the values of c presented in
Tab. II. The strangeness fraction is defined as:
fs =
ns∑
nf
=
1
3
ns
n
, (19)
where n is the total baryon number density, ns is the
strange quark number density and the sum runs over the
three quark flavors. As we can see, when we increase the
value of c we also increase the strangeness fraction at a
fixed density. This was expected once this non ideal bag
model modifies the quark number, but not the chemical
potential of the particles.
We display in Fig. 3 the EoS and the TOV [24] solu-
tion for the minimum and maximum allowed values that
produce stable strange quark matter. As we increase c
we are able to use lower values of the Bag. Although
we use massive quarks in the EoS, the masses are very
low. This makes an almost linear EoS, as in the case of
Eq. (10) for all values of c. The EoS differ from each
other only by a displacement proportional to the Bag
value. Also, lower values of the Bag produce more mas-
sive quark stars, as pointed in ref. [2, 6]. Using c = 0.3
we are able to produce a 2.21 M⊙ stable strange star,
while the original MIT bag model has a maximum mass
of only 1.85M⊙. Increasing the Bag value, the maximum
strange quark star mass decreases, and lies outside the
constraint imposed by the MSP J070+6620 [25], whose
mass is 2.14+0.10
−0.09 M⊙ at 68% credibility interval (light
blue in Fig. 3) and 2.14+0.20
−0.18 M⊙ at 95% credibility inter-
val (light yellow in Fig. 3). Increasing the Bag constant
to values beyond the stability window produces unstable
strange matter that can be still present in the core of
massive hybrid stars. A curious feature is the fact that
while the central density decreases with the increase of
c, the strangeness fraction fs remains almost the same.
Nowadays, an important discussion issue is the radii
of canonical stars, M = 1.4M⊙. The main results of
our model are shown in Tab. III. In the last decade, sev-
eral studies point towards a radius between 10 and 14
km. [12, 26–28]. However, here we pay special atten-
tion to a recent study based on the binary neutron-star
merger GW170817. The authors [29] conclude that the
canonical star radius cannot exceed 11.9 km. This re-
sult together with the existence of MSP J070+6620 puts
strong constraints in the EoS of dense matter. As we can
see, for c = 0.2 and c = 0.3 we fulfill both constraints.
To summarize this section, we state that we are able
to produce massive stable strange stars for the modified
MIT bag model. However we have to keep in mind that
this model violates the Fermi-Dirac statistics.
c M/M⊙ - B(Min) R (km) ǫc (MeV/fm
3) fs R1.4 M/M⊙ - B(Max) R (km) ǫc (MeV/fm
3) fs R1.4
0.0 1.85 10.17 1286 0.322 10.38 1.61 8.93 1726 0.323 9.20
0.1 1.95 10.72 1158 0.322 10.81 1.70 9.31 1540 0.323 9.64
0.2 2.07 11.37 1038 0.321 11.30 1.81 9.94 1359 0.323 10.17
0.3 2.21 12.18 888 0.321 11.89 1.94 10.61 1205 0.322 10.74
TABLE III. Quark stars main properties for different values of c. R1.4 is given in km.
IV. VECTOR MIT BAG MODEL
One way to introduce an interaction among the quarks
in the MIT model is by coupling the quarks to a field. We
next use a vector field that produces a repulsion between
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FIG. 3. (Color online) EoS (top) and mass-radius relation (bottom) for the minimum (left) and the maximum (right) Bag
value that produces stable strange star as a function of the parameter c.
the quarks. The inclusion of vector channels in the MIT
bag model is not new, as can be seen in ref. [15–17].
Following ref. [16, 17], we introduce the Lagrangian that
becomes:
L =
∑
u,d,s
{ψ¯q[γµ(i∂µ − gqqV Vµ)−mq]ψq −B}Θ(ψ¯qψq),
(20)
where the quark interaction is mediated by the vector
channel Vµ analogous to the ω meson in QHD [30]. In-
deed, in this work we consider that the vector channel is
the ω meson itself.
Unfortunately, in the previous papers, the authors
missed the mass term of the vector channel. As we expose
below, in mean field approximation, the vector channel
becomes zero if the mass is zero. Therefore, we introduce
the mass term of the Vµ (ωµ) field as:
LV = 1
2
m2V VµV
µ. (21)
Now, assuming mean field approximation (MFA)
(V µ → 〈V 〉 → δ0,µV 0), we obtain the eigenvalue for the
energy of the quarks and the equation of motion for the
V field respectively:
Eq = µ =
√
m2q + k
2 + gqqV V
0,
m2V V0 =
∑
u,d,s
gqqV 〈ψ¯qγ0ψq〉, (22)
where the term 〈ψ¯qγ0ψ〉 can be recognized as the number
density nq for each q quark. It is clear from the expression
above that if we do not take into account the mass of
vector channel, the vector field itself needs to be zero.
The energy density for the quarks is then:
ǫq =
Nc
π2
∫ kf
0
Eqk
2dk. (23)
We next need to compute the influence of the massive
ω particle on the EoS. In MFA we have: ǫ = −〈L〉. So,
the total energy density reads:
ǫ =
∑
ǫq +B − 1
2
m2V V
2
0 , (24)
the last term of eq. (24) being absent in ref. [15–17].
Moreover, the bag value is not independent of the vector
6field V0, which ultimately depends on the strength of the
coupling constant. The pressure is obtained via thermo-
dynamical relation, p = nµ − ǫ, to guarantee thermody-
namical consistency given in eq. (6).
To construct a new stability window, we have to fix
the coupling constant g, as well the mass of the vector
field. We consider that the vector channel is the physi-
cal ω meson, as in QHD models [30]. In relation to the
coupling constant g, we have two concerns. The first one
refers to its absolute value. There are very few stud-
ies trying to constrain its value, and the uncertainty is
yet very high [31, 32]. Most of the models just consider
it as a free parameter [33–35]. Our second concern is
about the relative strength of the g constant for different
quarks. In the literature, the g′s are universal, assuming
the same value for all quark flavors. [15–17, 31–38]. Here
we follow a new path. Instead of an universal coupling,
we use symmetry group to fix the relative quark-vector
field interaction. We obtain the relation:
gssV =
2
5
guuV =
2
5
gddV . (25)
All the calculations are detailed in the appendix. The
use of symmetry group to fix coupling constants is very
common when we are dealing with baryons [37–45], but,
as far as we known, it is an original approach in the quark
sector.
In the following, we redefine (guuV /mV )
2 = GV and
define XV as the ratio between gssV to guuV :
XV =
gssV
guuV
. (26)
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FIG. 4. (Color online) Stability window obtained with the
MIT bag model with vector interaction and different values
of XV .
We construct a stability window for GV varying from
0 to 0.3 fm2 for XV = 1, which is usually found in the
literature, and for XV = 0.4, which is the value predicted
by symmetry group. The results are presented in Fig. 4,
as well as in Tab. IV.
As we increase the value of GV , the stability window is
displaced to lower values. More than that, the stronger
the vector field, the narrower the stability window. The
same is true for different values of XV . As XV = 1.0 pro-
duces a stronger repulsion between the quarks, it yields
a narrower stability window. As expected, the minimum
value of the stability window is independent of XV , and
the differences increase as we increase GV .
We next study stable strange stars within the vector
MIT context. As we seek for massive strange stars, we
only display in the figures the results for the minimum
allowed Bag value. Nevertheless the star masses for the
maximum values of the Bag are presented in the text as
well as in Tab. V
We plot in Fig. 5 the strangeness fraction for different
values of GV and the two different values of XV pre-
viously justified: an universal coupling XV = 1.0 and
XV = 0.4. The strangeness fraction is independent of
the Bag. As expected, in the universal coupling, the
strangeness fraction is independent of the strength of
the coupling of the quarks with the vector field. This
GV (fm
2) XV Min. B
1/4 Max. B1/4
0.0 - 148 MeV 159 MeV
0.1 1.0 144 MeV 154 MeV
0.1 0.4 144 MeV 155 MeV
0.2 1.0 141 MeV 150 MeV
0.2 0.4 141 MeV 152 MeV
0.3 1.0 139 MeV 146 MeV
0.3 0.4 139 MeV 150 MeV
TABLE IV. Stability windows obtained with the vector MIT
bag model.
can be easily seen from Eq. (22). As all gqqV have the
same values, the chemical potential of the quarks are
shifted by the same amount. This behaviour is simi-
lar to the Nambu Jona-Lasinio model for quarks, where
the vector field does not affect the particle population
either [33, 37, 38]. However, if the couplings are not
the same, the s quark, which has the lower value of the
coupling constant, has also the lower shift in the chem-
ical potential. As we increase the GV , the difference in
the shift becomes sharper. This cause, for instance, the
strangeness fraction at n = 1.0 fm−3 to grow from 0.32
for GV = 0.0 fm
2 to 0.415 for GV = 0.3 fm
2.
In Fig. 6 we display the EoS and the macroscopic prop-
7GV (fm
2) XV M/M⊙ - B(Min) R (km) ǫc (MeV/fm
3) fs R1.4 M/M⊙ - B(Max) R (km) ǫc (MeV/fm
3) fs R1.4
0.0 - 1.85 10.17 1286 0.322 10.38 1.61 8.93 1726 0.323 9.20
0.1 1.0 2.16 11.29 1051 0.320 11.11 1.92 9.98 1331 0.321 10.08
0.2 1.0 2.43 12.24 921 0.318 11.66 2.19 11.00 1112 0.320 10.79
0.3 1.0 2.61 12.97 795 0.317 12.08 2.40 11.85 978 0.319 11.34
0.1 0.4 2.09 11.11 1071 0.354 11.02 1.82 9.63 1450 0.379 9.85
0.2 0.4 2.28 11.83 962 0.379 11.50 2.01 10.36 1248 0.388 10.38
0.3 0.4 2.41 12.33 893 0.402 11.81 2.14 10.86 1154 0.413 10.72
TABLE V. Quark star main properties for different values of GV and XV .
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FIG. 5. (Color online) Strangeness fraction (fs) as function of GV for XV = 1.0 (left) and XV = 0.4 (right).
erties of stable strange stars for the minimum allowed
value of the Bag in the stability window. In this case,
we have a positive feedback between the vector channel
and the stability window. As we increase the parameter
GV we stiffen the EoS. Nevertheless, this also reduces the
minimum value of the Bag in the stability window, which
in turn, also stiffens the EoS. The higher the GV value,
the stiffer the EoS. Additionally, the higher the GV , the
lower is the minimum allowed value of the Bag. The
lower the value of the Bag, the stiffer the EoS again [2].
As result of this combined effect we are able to produce
very massive stable quark stars, fully compatible with the
MSP J0740+6610 [25]. Our maximum mass can reach
2.61M⊙ for XV = 1.0. Also, assuming an universal cou-
pling, XV = 1.0, the strangeness fraction at the center of
the quark stars decreases as we increase GV but increases
if we assume XV = 0.4.
Unlike the minimum Bag value, the maximum allowed
Bag value does depend on XV as can be seen in Fig. 4.
As XV = 0.4 produces smaller repulsion, the positive
feedback plays its role again. A small repulsion produces
a softer EoS, which produces a higher value of the max-
imum allowed Bag value, which in turn also softens the
EoS. As a consequence, the maximum quark star mass
for GV = 0.3 fm
2 can vary from 2.14 M⊙ to 2.61 M⊙,
a difference of 0.47 M⊙, i.e. 22%. We emphasize that
our radii are in agreement with ref. [29], execept when
we assume B1/4 = 139 MeV, XV = 1.0, and GV = 0.3
fm2. This indicates that the bag value is too low, or/and
XV = 0.4 is a better approach to dense quark matter.
Anyway, it is clear from Tab. V that we are able to pro-
duce stable strange stars with masses above 2.4M⊙ that
fulfill all astrophysical constrains.
In this section we are able to construct very massive
quark stars, and unlike the last section, all models here
are thermodynamically consistent and none of them vi-
olate the Fermi-Dirac distribution. Another point worth
mentioning: in our work the GV values are around ten
times smaller than the one used in ref. [16, 17] where
GV = 2.2 fm
2. This is probably because the authors did
not include the mass term of the vector field. Only for
a comparison, if we remove the mass term, eq. (21) from
our final Lagrangian, the maximum mass drops from 2.61
M⊙ to only 2.08 M⊙, a reduction of 0.53 M⊙!
V. SELF-INTERACTING VECTOR FIELD
The vector channel in mean field approximation takes
into account only the valence quarks. This scenario is
called ”no sea approximation”, once the Dirac sea of
quarks is completely ignored [20]. As the vector field is
borrowed directly from quantum hadrodynamics (QHD),
the vector MIT bag model also becomes renormaliz-
able [30]. However instead of transforming the mean field
approximation (MFA) into a more complex relativistic
Hartree or Hartree-Fock approximation, we can take the
Dirac sea into account throughout modifications on the
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FIG. 6. (Color online) EoS (top) and mass-radius relation (bottom) for XV = 1.0 (left) and the XV = 0.4 (right) with the
minimum Bag value that produces stable strange star as a function of the parameter GV .
effective Lagrangian as made in ref. [20]. Here, we intro-
duce a quartic contribution for the vector field: (VµV
µ)2
as a correction for the EoS at high density which will
mimic the Dirac sea contribution.
When we add the vector channel in the MIT La-
grangian, it creates a repulsion term in the quark-quark
interaction and, as result, the pressure (as well as the
chemical potential and the energy density) increases. The
stiffening of the EoS grows linear with the density. The
quartic vector field makes the EoS more malleable. The
introduction of self-interacting fields is not new in the
relativistic models. Boguta and Bodmer [18] introduced
self-interaction in the scalar sector to correct the com-
pressibility of the symmetric nuclear matter. The same
Bodmer also introduced quartic interaction in the vector
sector [19] and others [49, 50] used quartic terms in order
to correct the behaviour of nuclear matter at densities
above 2n0. Now we introduce a self-interacting vector
field in the vector MIT bag model as:
U(V µ) = b4
(g2VµV
µ)2
4
, (27)
where g = guuV , and b4 is a dimensionless parameter [20].
The self interactions of the vector field allow us to con-
struct either a softer or a stiffer EoS when compared
with the linear case. It also plays a crucial role in the
relation between pressure and chemical potential -p(µ).
This relation is important in hadron-quark phase transi-
tions [5, 6, 15, 37]. As in the hadronic case [49], we do not
expect any significant modification in the EoS for den-
sities below 2n0. Using mean field approximation and
solving the Euler-Lagrange equations of motion we ob-
tain the following eigenvalues for the quarks and V field
respectively:
Eq = µ =
√
m2q + k
2 + gqqV V0,
gV0 +
(
g
mv
)2(
b4(gV0)
3
)
=
(
g
mv
)∑
u,d,s
(
gqqV
mv
)
nq.
(28)
Again, this result is very similar to the Boguta and
Bodmer terms in the scalar and vector fields in hadronic
models [18, 19]. In order to produce only small devia-
tions we impose that |b4| ≤ 1. Due to the quartic nature
of the non linear term, the higher the density, the higher
the deviation from the linear one. Also, as can be seen
9from Eq. (27), the quartic term has also a quartic depen-
dence on the g constant. So, the higher the value of GV ,
the higher the influence of the quartic term. The advan-
tage of using non linear terms is that we can modify the
EoS at high density while keeping the stability window
unaffected.
We are now in the position to construct an EoS in
MFA, considering the Fermi-Dirac distribution to the
quarks and the Hamiltonian to the vector field and the
bag, H = −〈L〉. We obtain:
ǫq =
Nc
π2
∫ kf
0
Eqk
2dk. (29)
ǫ =
∑
ǫq +B − 1
2
m2V V
2
0 − U(V0). (30)
The pressure is obtained via thermodynamical rela-
tion, p = nµ − ǫ, to guarantee thermodynamical consis-
tency.
In Fig. 7 we display a 3-D stability window. For each
value of GV we vary the dimensionless parameter b4 from
-0.4 to 1.0. As pointed out, the advantage of the self-
interacting is to preserve the original stability window.
This can be seen in this 3-D graphic. Each color wall is
a stability window for a fixed GV . The results are the
same as the ones shown in Tab. IV, being independent of
b4.
As can be seen from Eq. (27), the influence of the self-
interaction does not only dependend on b4 but also on g,
as presented in ref. [51] for the scalar meson. Hence, the
higher the value of GV , the stronger the influence of the
quartic term. So we display here only the results for GV
= 0.3 fm2. As for lower values, the influence is signifi-
cantly lower. We can also increase the strength of GV or
b4 but they would not modify the qualitative aspects and
therefore, are beyond the scope of this work. We start
by studying the influence of the non-linear term in the
strangeness fraction fs. If b4 is negative, then the vector
field V 0 increases with density when compared with the
pure linear case. On the other hand, if b4 is positive,
then V 0 is lower when compared with the linear case.
This effect is also reflected in the strangeness fraction if
XV 6= 1.0. As already pointed out in the last section, if
XV = 1.0 then the strangeness fractions is independent
of the vector field. Due to these considerations, here we
only discuss the strangeness fraction for GV = 0.3 fm
2
and XV = 0.4, as predicted by symmetry group. The
results are displayed in Fig. 8.
As can be seen, the strangeness fraction is the same
up to densities about 0.4 fm−3. From this point on, the
results begin to apart from the linear case. For negative
b4 (-0.4), we have an increase of the vector field, which
makes the differences of the coupling constant more ev-
ident, increasing the fraction of s quarks. On the other
hand, a positive b4 (1.0) reduces the vector field as well as
the strangeness fraction when compared with the linear
case. For instance, fixing n = 1.0 fm−3 we have fs equal
to 0.415, 0.421, and 0.406 for b4 equal to 0.0, -0.4 and
+1.0 respectively. We now discuss the effect of the self-
interacting vector field on the EoS and on macroscopic
properties of strange stars. The results for the minimal
allowed bag value for GV = 0.3 fm
2 are displayed in
Fig. 9.
As expected, the EoS is almost the same until the en-
ergy density reaches values around 400-500 MeV/fm3.
Then, as the strangeness fraction behavior, it starts to
deviate from the linear case. We also see that the in-
fluence of the quartic term is higher for XV = 1.0 as it
produces a higher V 0 value. The softening of the EoS for
a positive value of b4 is analogue to the hadronic case,
as shown in ref. [49, 50]. The results of the EoS are re-
flected in the mass-radius relation. The maximum quark
star mass is higher for b4 = -0.4 and lower for b4 = 1.0.
Also, from Fig. 9 and Tab. VI, we can see that the influ-
ence of the quartic term is larger for the maximum bag
value when compared with its minimum value. The influ-
ence is also stronger for XV = 1.0 when compared with
XV = 0.4. For instance, the maximum star mass varies
0.08M⊙ for XV = 1.0 for the minimum bag value and
0.10M⊙ for the maximum bag value. For XV = 0.4, the
mass variation is 0.04M⊙ for the minimum bag value and
0.06M⊙ for its maximum. The variation in the radius are
not significant. Also, for XV = 0.4 the strangeness frac-
tion at the center of the maximum mass star increases if
b4 is negative and decreases if b4 is positive.
We finish this section indicating that although for the
specific case that B1/4 = 139 MeV, GV = 0.3 fm
2 and
XV = 1.0 the radii of canonical stars are in disagreement
with ref. [29], in all other cases we are able to produce
stable strange stars in agreement with this study. Indeed,
even a 2.44M⊙ star is obtained.
VI. CONCLUSIONS
In this work we revisited the MIT bag model, as well
as some of its modified versions found in the litera-
ture [5, 6, 15–17]. We start from the Lagrangian density
and obtain the stability window for the original model.
Then we revisit the so called non-ideal bag model, obtain
the stability windows for some values of the parameter
c. We show that from the Lagrangian point of view that
the model presents some thermodynamical inconsisten-
cies if we preserve the Fermi-Dirac distribution for the
quarks. However, if we modify the Fermi-Dirac distribu-
10
FIG. 7. (Color online) 3-D stability wall for XV = 1.0 (left) and XV = 0.4 (right). Each color wall represent a value of GV .
As expected the results are independent of b4.
b4 XV M/M⊙ - B(Min) R (km) ǫc (MeV/fm
3) fs R1.4 M/M⊙ - B(Max) R (km) ǫc (MeV/fm
3) fs R1.4
0.0 1.0 2.61 12.97 795 0.317 12.08 2.40 11.85 978 0.319 11.34
-0.4 1.0 2.65 13.02 797 0.317 12.13 2.44 11.85 986 0.319 11.36
+1.0 1.0 2.57 12.96 791 0.317 12.08 2.34 11.73 994 0.319 11.27
0.0 0.4 2.41 12.33 893 0.402 11.81 2.14 10.86 1154 0.413 10.86
-0.4 0.4 2.43 12.45 903 0.407 11.84 2.16 10.88 1188 0.417 10.88
+1.0 0.4 2.39 12.35 869 0.396 11.80 2.10 10.77 1185 0.406 10.69
TABLE VI. Quark star main properties for different values of b4 and XV .
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FIG. 8. (Color online) Strangeness fraction obtained with
GV = 0.3 fm
2 and XV = 0.4 for different choices of b.
tion we overcome this issue, and we are able to produce
a model that fulfils the necessary thermodynamics. In
fact, the only modification needed is in the quark num-
ber distribution. Once it is modified, the correction in
the energy density and pressure comes as consequence.
Therefore this model depends more on a modification in
the statistics than in the MIT bag model itself. A stable
strange star of mass as high as 2.21M⊙ and a radius of
11.89 km, which agrees with both mass and radius con-
straints [25, 29], is produced. However, we must remem-
ber that we pay the price of using a model that violates
the Fermi-Dirac statistics.
We can overcome the thermodynamical issues by in-
troducing a vector field in the Lagrangian density. We
first correct this introduction, as originally proposed in
ref. [15–17], by taking into account the mass term of the
vector field. With the corrected Lagrangian we reduce
the value of GV from 2.2 fm
2 to values ten times smaller.
Moreover, besides the traditional universal coupling for
all three quarks, with the help of symmetry group ar-
guments, we calculate a new coupling constant for the s-
quark mass, which is 40% of the u and d quark couplings.
We construct a stability window for this model and we
are able to reproduce a star with a mass of 2.61M⊙, but
in disagreement with the maximum radius obtained in
ref. [29]. Yet, we are able to produce a 2.41M⊙ that
fulfils all the astrophysical constraints while keeping the
thermodynamical consistence.
At the end we propose a modification of the linear
vector field, inspired in the models of QHD [18, 19, 49,
50]. We include a quartic term in the vector channel to
mimic the contribution of the Dirac quark sea, which is
absent in MFA. This quartic term allows us to modify
the EoS while keeping the stability window unaltered.
We see that a positive quartic term contribution causes
a softening of the EoS at high densities, While a negative
one causes its stiffening. Ultimately a stable strange star
with mass of 2.44M⊙ that fulfils the above mentioned
astrophysical constraints is obtained.
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2.
Appendix A: SU(3) and SU(6) symmetry group
To fix the quark coupling constant to the vector chan-
nel we use the hybrid group SU(6), which is invariant
under both SU(3) flavor symmetry and SU(2) spin sym-
metry. We start from the Yukawa Lagrangian [41]:
L = −g(ψ¯qψq)M, (A1)
where ψq is the quark Dirac field, and M is the field
of an arbitrary meson. This Lagrangian belongs to the
irreducible representation IR{1}, an unitary singlet. The
u− d− s quarks belong to the IR{3} = D(1,0), while the
anti-quarks belong to the IR{3∗} = D(0,1) [41]. The
meson field can belong either to IR{8} or to IR{1}. The
direct product of {3} ⊗ {3∗} = {8} ⊕ {1} [46]. So, to
preserve the IR{1} of the Lagrangian, the (ψ¯qψq) needs
to belong to the IR{8} if the meson M belongs to IR{8},
or belong to IR{1} if the meson belongs to IR{1}. The
coupling constant for each quark can be written as [39]:
L = −g82C(ψ¯qψq)M, (A2)
for the mesons belonging to IR{8}. If the mesons belong
to IR{1} we have:
L = −g1(ψ¯qψq)M, (A3)
where the C is the SU(3) Clebsch-Gordan (CG) coeffi-
cent [41]. We calculate the CG with the help of the al-
gorithm presented in ref. [47] and the tables presented in
ref. [48]
As the quarks are in IR{3} and the anti-quarks in
IR{3∗}; in {3} ⊗ {3∗} we have only one IR{8} as re-
sult, in opposition to the baryon case, where the baryons
and anti-baryons are in IR{8}. In {8} ⊗ {8} there are
two possible {8}, typically called symmetric and anti-
symmetric ones. This also implies that the αv defined in
ref. [41] is always equal to 1 in our case. The coupling
constants reads:
guuω8 =
(
1√
6
)
×
(
1√
8
)
= g8
1√
48
,
gddω8 =
(
− 1√
6
)
×
(
− 1√
8
)
= g8
1√
48
, (A4)
gssω8 =
(
− 2√
6
)
×
(
1√
8
)
= −g8 2√
48
,
guuφ1 = gddφ1 = gssφ1 = g1.
12
The coupling of the strange quark is twice the value
of the non-strange ones, and has the opposite sign of
the u − u and d − d coupling. This result is exactly the
same as the Σ−Σ when compared with the N-N one (the
reader can consult the table in ref. [48]). Nevertheless, as
happens in the baryon octet case, this weird value will be
washed out when we impose the mix of the singlet and
octet states.
In nature, the observed ω and φ meson are not the
theoretical ω8 and φ1 but a mixture of them [39, 40]. So,
the coupling constant of the real vector mesons with the
quarks now reads:
guuω = gddω = g1 cos θ + g8
1√
48
sin θ,
gssω = g1 cos θ − g8 2√
48
sin θ. (A5)
Now, to eliminated the last of the free parameters, we
impose SU(6) symmetry group, which give us an ideal
mixing angle, (θ = 35.264), and g8 =
√
6g1 [39, 40, 42].
We finally obtain:
gssω =
2
5
guuω =
2
5
gddω. (A6)
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